turbulence research to provide robust numerics for the full variety of turbulent flows.
the atmosphere. The prediction of this scale is totally different from that of the synoptic scale 35 (10 3 km) with slowly-evolving semi-geostrophic dynamics and relatively long predictability 36 on the order of a few days.
37
Even theoretically, very little is understood about the convective scale compared to our 38 extensive knowledge of the synoptic-scale weather regime as a partial-differential equation 39 system, as well as in terms of the fluid mechanics, predictability, uncertainties, and stochas-40 ticity. Furthermore, there is a requirement for a drastic modification of data assimilation 41 methodologies, physics (e.g., microphysics), parameterizations, as well as the numerics for 42 use at the convective scale. We need to focus on more fundamental theoretical issues: the Li-
43
ouville principle and Bayesian probability for probabilistic forecasts; and more fundamental 44 turbulence research to provide robust numerics for the full variety of turbulent flows.
45
The present essay reviews those basic theoretical challenges as comprehensibly as possible.
46
The breadth of the problems that we face is a challenge in itself: an attempt to reduce these into a single critical agenda should be avoided. 
58
The effort to straightforwardly-extrapolate technological capability has reached such a 59 level that operational regional forecast models are now running with horizontal mesh sizes 60 of 1-5 km worldwide. For example, in Europe, the French AROME (Applications de la when seeing all of the challenges together. 
115
To keep a reasonable focus, so that we can discuss the issues in depth, this essay addresses 116 only the most basic theoretical issues. We recognize that other issues could be equally 117 important, such as observation-related issues, but here we limit ourselves to only discussing 118 these in the theoretical context. As we clearly acknowledge the current operational efforts 119 are of crucial importance, but for the sake of keeping focus they are not covered herein.
120
In the next section, these fundamental issues are examined one by one. Discussions begin 6 as a whole evolves over the section, since the issues to be discussed are so extensive each 124 subsection on an issue is written in an almost stand-alone manner for ease of reading. In asymptotic representation is likely to be identified in a bulk part of this regime.
149
Though all these aspects may sound purely mathematical, our lack of understanding at 150 this most basic level hinders crucial progress at more practical levels (cf., Numerics). model forecasts, even though the evolution may be somehow chaotic.
159
In the convective-scale regime on the other hand, although a wide variety of asymptotic 160 regimes emerge, nothing equivalent to geostrophic balance is found: the effective dimension 161 of the system is suddenly increased. As a result, the dynamical-system approach mostly de-
162
veloped for low-dimensional systems no longer works effectively. Furthermore, this transition 163 severely restricts predictability (cf., Probability). The predictability of atmospheric flows is fundamentally limited because the errors in 208 prediction exceed the typical amplitude of a signal of a given scale at a certain point in time.
209
Once the error exceeds this amplitude, the prediction loses any practical value, although it 210 is always possible to run an NWP model beyond this limit.
211
The fully turbulent nature of the convective-scale regime limits the predictability more network, do not overcome this intrinsic predictability limit.
220
On the other hand, one may wish that the predictability of synoptic scale would be im-221 proved by explicitly resolved convection rather than an unreliable parameterized convection. expected on the next day, but only give a probability distribution in time and space. In this 237 manner, convective-scale NWP must be inherently based on probability.
238
Unfortunately, probability is not an easy concept to understand. 5 It is true that there are 239 already many methodologies for predicting the probability of weather events (e.g., Schwartz
240
5 Note that the probability is even not a measurable quantity. For example, if a 30% probability of rain is verified by actual rain by 30% of the time, this probability forecast is statistically consistent with the observation. However, this is not a sufficient condition to verify it. The true verification must be performed on the probability forecast for each event (or non-event) individually. Of course, this is not possible, because the actual realization is rain or no-rain without an intermediate state.
In other words, we can never measure a probability observationally for an individual event, but only in a statistical sense. However, the latter is not sufficient for the verification.
sample or ensemble. However, the frequency of an event within a certain sample is not 242 equivalent to a probability of a single unique event of particular interest. Such frequency-243 based thinking may be helpful for analyzing a homogeneous sequence of tries (or events),
244
such as the tossing of a coin or dice. In contrast, a sequence of rainfall events is hardly
245
"homogeneous": each event happens under unique circumstances. In this case, a different 246 probability must be assigned for each rainfall event, without creating a sample.
247
The current standard methodology for estimating weather probabilities, the ensemble 248 prediction system (EPS), is also based on this sample-space based thinking (cf., Leith 1974).
249
Although the EPS is indeed a useful approach, it does not predict by itself a probability in 250 any obvious manner: three rain forecasts out of ten ensemble members does not automat-
251
ically mean a 30% chance of rain, unless the sample is defined in a homogeneous manner.
252
Generating such a homogeneous sample with a reasonable, finite ensemble size is not a simple 253 matter, and it becomes more difficult for a system with an increasing number of unstable 254 modes (cf., Uboldi and Trevisan 2015).
255
Frequency and probability must carefully be distinguished from each other, as Bayesian 256 probability teaches us (cf., Jaynes 2003). Furthermore, any probabilistic prediction system 257 should be derived, ideally, from the basic physical principle for predicting probability, i.e., the representation of a given process must therefore be made carefully.
275
We should also realize that noisiness in short-time and small-spatial scales does not 
286

Data Assimilation
287
As the horizontal resolution of NWP models increases, a denser observational network 288 is also required. However, simply increasing the number of observations is not enough.
289
NWP models require more information than is being measured: observations generally do 
295
The full problem of DA consists of estimating the so-called posterior probability: i.e., 
388
Overall, we face challenges for subgrid-scale parameterizations from two sides. On the 389 one side, we need to further elaborate existing parameterizations (e.g., deep and shallow 390 convection, PBL). On the other side, we also need to introduce new parameterizations, e.g.,
391
for the sub-cloud scale processes. It naturally follows that the consistencies between the 392 existing and the new parameterizations must also be carefully established. The interactions 393 between various subgrid-scale processes, e.g., between the PBL and convection, also become 394 more critically important.
395
To effectively tackle all these problems together, we face issues of consistency and uni-396 fication. Here, we propose that the best solution would be to develop a single consistent unit of subgrid-scale parameterizations by returning to the first principles of explicit physics
398
(e.g., a large-eddy simulation PDE system), and re-construct everything from there. For 
441
In convective-scale turbulent calculations, the numerics must be robust. In certain situations, "robust" only narrowly refers to whether a given scheme is conditionally stable.
On the other hand, here we use this notion in the more general sense that given numerics are not only stable, and insensitive to a change of the resolution, etc., but also preserve the basic numerical properties predicted by theory.
Conclusions
447
We have identified the following fundamental theoretical challenges in convective-scale for homogeneous turbulence, to the buoyancy-driven stratified case.
455
• Probability: Probability becomes a key variable to be predicted, because NWP models 456 are run for much longer time-scales (a few days) than the predictability limit (a few 457 hours). The intrinsic probability, as defined by the Bayesian probability theory, should 458 be evaluated rather than the oft-used estimation of probability by frequency counting.
459
The Liouville equation, as a basic physical principle of probability prediction, should 460 be further exploited to accomplish this.
461
• Data Assimilation: New assimilation approaches such as the particle filters (PFs) 462 must be pursued because the traditional assumptions of quasi-linearity and Gaussian- 
486
Each research direction requires its own substantial investments, augmenting current 487 efforts and being subject to development of more detailed research strategies. We do not ence literature, for example, from turbulence research. These fundamental scientific issues 496 require our re-thinking and re-structuring, but also re-directing of some non-atmospheric
